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Teleparallel gravity theories employ a tetrad and a Lorentz spin connection as independent vari-
ables in their covariant formulation. In order to solve their field equations, it is helpful to search
for solutions which exhibit certain amounts of symmetry, such as spherical or cosmological sym-
metry. In this article we present how to apply the notion of spacetime symmetries known from
Cartan geometry to teleparallel geometries. We explicitly derive the most general tetrads and spin
connections which are compatible with axial, spherical, cosmological and maximal symmetry. For
homogeneous and isotropic spacetime symmetry we find that the tetrads and spin connection found
by the symmetry constraints are universal solutions to the anti-symmetric part of the field equations
of any teleparallel theory of gravity. In other words, for cosmological symmetry we find what has
become known as “good tetrads” in the context of f(T ) gravity.
I. INTRODUCTION
In the recent decade we have witnessed an increased interest in various extensions of general relativity as a tool
to understand the accelerated expansion of the Universe [1–3]. One particular class of these models are the so-called
modified teleparallel gravity theories, where first general relativity was reformulated using the teleparallel geometry
to obtain teleparallel equivalent of general relativity (TEGR) [4–11], and then various modified models have been
constructed. The teleparallel approach to modified gravity is particularly attractive since it allows us to construct a
number of models with second order field equations and hence naturally avoid the problem with higher order field
equations faced in other modified theories of gravity. The most popular and the best studied model being the f(T )
gravity model, built in analogy with f(R) gravity, where the Lagrangian is considered to be an arbitrary function of
the so-called torsion scalar [12–16].
A well-known problem of the original formulation of TEGR, in which a zero spin connection is assumed and the
tetrad is the only dynamical field, is that the Lagrangian is invariant only under global Lorentz transformations, while
local Lorentz transformations introduce a boundary term [8]. In the case of modified teleparallel gravity models,
such as f(T ) gravity, this newly appearing term is not a boundary term, which leads to a violation of the local
Lorentz symmetry also at the level of the field equations. As a consequence, considering different tetrads which are
related by a local Lorentz transformation, one finds that some of them may solve the field equations, while others
may not [17, 18]. Those tetrads that solved the field equations in a non-trivial way and lead to some interesting new
dynamics were named good tetrads, and those that could solve the field equations only in the limit of general relativity
were named bad tetrads [19, 20]. This introduced a challenge to find these good tetrads in practical situations and
also to understand them on the fundamental level.
It was then shown that it is possible to formulate f(T ) gravity and other teleparallel models in a fully Lorentz
covariant way [11, 21, 22], providing that we use the covariant version of TEGR as the base for modifications,
where both a tetrad and a teleparallel spin connection are used as fundamental dynamical field variables [10, 23–28].
While in the covariant TEGR it was argued that the spin connection can be determined only by additional physical
requirements, such as the finiteness of the physical action and conserved charges [27, 28], in the case of f(T ) gravity
it was shown that the dynamics of the spin connection are determined by its own field equations, which, moreover,
coincide with the antisymmetric part of the field equations for the tetrad [29]. Recently, it was shown that the property
extends to all modified teleparallel theories with second order field equations [30].
Nevertheless, it remained an open problem of how to determine both, the tetrad and the spin connection in practical
situations since (even the antisymmetric part of) the field equations are typically too complicated to be solved in
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2general. It was known that it is possible to “guess” some ansatzes for the spin connection in the case of spherical
symmetry and the spatially flat Friedmann-Lemaitre-Robertson-Walker universe, which turned out to be equivalent to
guessing the good tetrads in the non-covariant formulation, but it remained unclear how to generalize this procedure
[21].
In this paper, we present a notion of symmetry for teleparallel geometries on which teleparallel theories of gravity
are based. We obtain a precise notion of symmetry for the fundamental fields, the tetrad and the spin connection, by
mapping the teleparallel geometry to a Cartan geometry and adopting the known symmetry principles from there [31].
Furthermore we show that the torsion, and thus the resulting teleparallel field equations, inherit the symmetry imposed
on the fundamental fields.
We demonstrate the use of our method in the case of axially, spherically symmetric spacetimes as well as homoge-
neous and isotropic and maximally symmetric spacetimes. In the homogeneous and isotropic case we will find that it
is possible to find a tetrad and a spin connection that solve the antisymmetric part of the tetrad field equations for all
teleparallel models with second order field equations, derived purely on the basis of the symmetry considerations. In
other words, for cosmology we find a universal good tetrad. We then also examine the case of maximally symmetric
spacetime and demonstrate that such general solutions exist only in the case of Minkowski spacetime. Our method
proves that in the case of (anti-)de Sitter spacetime there is no tetrad and flat spin connection that would solve the
symmetry conditions. We would like to stress here that this does not exclude the possibility that there are teleparallel
geometries which realize the (anti-)de Sitter spacetime metric and solve the field equations in some specific models,
e.g. f(T ) gravity.
The outline of the paper is as follows. In section II, we review teleparallel geometry and introduce the covariant
formulation of TEGR and other modified teleparallel gravity models. In section III we introduce the notion of
symmetry in teleparallel geometries and show how to construct the tetrad and the spin connection leading to the
torsion tensor exhibiting the desired symmetry. In section IV we demonstrate the use of this method in the case of
axially and spherically symmetric spacetimes, and both spatially flat and non-flat FRWL Universes, and we discuss the
case of maximally symmetric spacetimes. In particular we find in section IVC1, that for high-symmetric situations,
the tetrads and spin connections which satisfy the symmetry conditions automatically solve the antisymmetric, resp.
the spin connection, field equation for all the models mentioned in section II. Finally in section V we conclude and
summarize the main results.
II. COVARIANT FORMULATION OF TELEPARALLEL GRAVITY
This section introduces and recalls the basic notions on teleparallel geometry in subsection IIA and teleparallel
theories of gravity in subsection II B, which we need throughout this article.
A. Teleparallel geometry
We start our discussion with a brief review of the mathematical notions we use in order to describe teleparallel
geometry. In this article we use the covariant formulation [10, 11], where the geometry given on a spacetime manifold
M is defined in terms of a tetrad θ ∈ Ω1(M, z) and a spin connection ω ∈ Ω1(M, h). Both are 1-forms on M , the
former with values in Minkowski space z = R1,3 equipped with a bilinear form η of signature (− + ++), the latter
with values in the Lorentz algebra h = so(1, 3). We denote the teleparallel geometry by the triple (M, θ,ω).
By introducing coordinates (xµ) on M and suitable bases of z and h, we can write θ = {θa}3a=0 as θa = θaµdxµ and
ω = {ωab}3a,b=0 as ωab = ωabµdxµ. Here we denoted Lorentz indices with Latin letters a, b, . . ., while Greek indices
µ, ν, . . . denote tangent space indices of M . In order to be teleparallel, the spin connection must be flat, i.e., it must
satisfy the vanishing curvature condition
Rabµν = ∂µω
a
bν − ∂νωabµ + ωacµωcbν − ωacνωcbµ = 0 . (1)
From the tetrad and the connection one defines a metric
gµν = ηabθ
a
µθ
b
ν (2)
and an affine connection ∇ with connection coefficients
Γµνρ = ea
µ
(
∂ρθ
a
ν + ω
a
bρθ
b
ν
)
, (3)
where ea
µ is the inverse tetrad satisfying θaµeb
µ = δab and θ
a
µea
ν = δνµ. For tensor components the tetrad and its
inverse can be used to transform Lorentz indices into spacetime indices and vice versa.
3Being obtained from the flat spin connection, the affine connection also has vanishing curvature,
Rρσµν = ∂µΓ
ρ
σν − ∂νΓρσµ + ΓρτµΓτ σν − ΓρτνΓτ σµ = 0 , (4)
but in general non-vanishing torsion
T ρµν = Γ
ρ
νµ − Γρµν . (5)
As a consequence of (3), we find that the total covariant derivative, which acts on Lorentz and spacetime indices,
Dµθ
a
ν = ∂µθ
a
ν + ω
a
bµθ
b
ν − Γρνµθaρ (6)
of the tetrad vanishes.
We now consider a local Lorentz transformation Λ : M → SO(1, 3), under which the tetrad and the spin connection
transform as
θaµ 7→ Λabθbµ , ωabµ 7→ ΛacΛbdωcdµ + Λac∂µΛbc , (7)
with the inverse Lorentz transform given by Λa
b = (Λ−1)ba. One easily checks that the condition of vanishing
curvature is unaffected by this transformation, since
Rabµν 7→ ΛacΛbdRcdµν . (8)
Further, the metric gµν and connection coefficients Γ
µ
νρ (and hence also the curvature R
ρ
σµν and torsion T
ρ
µν) are
invariant under this transformation. We finally remark that the most general metric-compatible spin connection with
vanishing curvature is itself of the “purely inertial” form
ωabµ = Λ
a
c∂µΛb
c (9)
for some local Lorentz transformation, and can hence always be transformed into a zero spin connection by applying
the inverse Lorentz transformation.
B. Teleparallel theories of gravity
Using the teleparallel geometry we can construct various theories of gravity. In particular, we can consider the
so-called teleparallel equivalent of general relativity (TEGR), often referred simply as just teleparallel gravity, by
considering a Lagrangian [10]
LTG(θaµ, ωabµ) =
θ
2κ
T, (10)
where θ = det θaµ, κ = 8πG is the gravitational constant (in c = 1 units), and T is a quadratic combination of torsion
tensors
T = T (θaµ, ω
a
bµ) =
1
4
T ρµν Tρ
µν +
1
2
T ρµν T
νµ
ρ − T ρµρ T νµν , (11)
known as the torsion scalar. It is possible to rewrite the torsion scalar as
T =
1
2
T aµνS
µν
a , (12)
where we have defined the superpotential S ρσa as
S µνa =
1
2
(T νµa + T
µν
a − T µνa)− h νa T σµσ + h µa T σνσ. (13)
We then consider the total Lagrangian
L(θaµ, ωabµ,ΦI) = LTG(θaµ, ωabµ) + LM(θaµ,ΦI), (14)
4where LM(θaµ,ΦI) is the matter Lagrangian constructed through the minimal coupling principle and ΦI denotes
various matter fields. The variation of the total Lagrangian (14) with respect to the tetrad yields the field equations
E µa = κΘa
µ, (15)
where on the left-hand side we have defined the Euler-Lagrange expression
E µa ≡
κ
θ
δLTG
δθaµ
=
1
θ
∂σ
(
θSa
µσ
)
− θaλScνµT cνλ + e
µ
a
2
T − ωcaσScµσ , (16)
and on the right-hand side is the matter energy-momentum tensor
Θa
µ = −1
θ
δLM
δθaµ
, (17)
which is symmetric as a consequence of the local Lorentz invariance of the action [10, 24].
It can be shown [10] that the teleparallel Lagrangian (10) is (up to a surface term) equivalent to the Einstein-
Hilbert Lagrangian
◦
LEH , which is given by the Ricci-Scalar of the Levi-Civita connection of the metric, understood
as function of the tetrads, i.e.
LTG ≡
◦
LEH − 1
κ
∂µ
(
θT ρµρ
)
, (18)
from where follows that the field equations (15) are equivalent to Einstein field equations of general relativity.
The variation of the Lagrangian with respect to the flat spin connection vanishes identically [28, 29, 32], and hence
the field equations for the spin connection are identically satisfied. The spin connection in this particular model
equivalent to general relativity can be determined by the requirement of finiteness of the action and conserved charges
[26].
An intriguing property of the Lagrangian (10) is that it contains only the first derivatives of field variables, what
allows us to construct various modified gravity models with second order field equations and hence avoid problems
with higher order field equations faced in modified gravity models built on the standard general relativity. The most
popular among these models is the so-called f(T ) gravity model [12–15], where the Lagrangian is taken to be an
arbitrary function of the torsion scalar (11), i.e.
Lf = θ
2κ
f(T ). (19)
The field equations for the tetrad can be written as (15) with the Euler-Lagrange expression given by [21]
E µa ≡
κ
θ
δLf
δθaµ
=
1
θ
fT∂ν (θS
µν
a ) + fTTS
µν
a ∂νT − fTT bνaS νµb + fTωbaνS νµb +
1
2
fe µa , (20)
where fT and fTT denotes first and second order derivatives of the f -function with respect to the torsion scalar.
Unlike the case of TEGR, the field equations of f(T ) gravity (20) are generally not symmetric. Defining the fully
Lorentz-indexed Euler-Lagrange expression as Eab = ηbcθ
c
µE
µ
a , we can write the antisymmetric part of the field
equations as
E[ab] = θ fTTS[ab]
ν∂νT. (21)
Another important difference with the TEGR case is that the variation with respect to the flat spin connection is
non-trivial, and hence the dynamics of the spin connection is determined by its own field equations. We can write the
variation with respect to the flat spin connection as
δωLf = θ
2κ
fTSab
µδωabµ. (22)
In order to preserve the flatness of the spin connection and anti-symmetry in its Lorentz indices, it is necessary to
consider the changes of the spin connection under infinitesimal local Lorentz transformations only
Λab = δ
a
b + ǫ
a
b, ǫab = −ǫba, (23)
5from where we find that
δωabµ = −Dµǫab = −∂µǫab − ωacµǫcb − ωbcµǫac . (24)
Using (24) and integrating by parts, we find that the variation with respect to the spin connection (22) lead to
the same result as the antisymmetric field equations for the tetrad [29, 30]. This implies that if the field equations
for the spin connection are satisfied, the field equations for the tetrad are guaranteed to be symmetric. As we will
show in this paper, in the situations with enough symmetry, it is possible to solve the spin connection field equations
independently of the symmetric field equations for the tetrad.
The case of f(T ) gravity is the most popular and best studied teleparallel gravity model, but it is possible to
construct a number of other interesting modified gravity theories within teleparallel framework. As it has been shown
recently [30], all teleparallel gravity models with second order field equations have this property that the field equations
for the spin connection coincide with the antisymmetric part of the tetrad field equations. We outline here few of the
most popular models to which this property applies. For further details, see the recent review [11].
The earliest modified teleparallel model is known as new general relativity [33, 34], where arbitrary coefficients in
front of the terms in the torsion scalar (11) are considered. Following the original approach [33, 34], we can decompose
the torsion tensor into irreducible parts with respect to the Lorentz group as
Tλµν =
2
3
(tλµν − tλνµ) + 1
3
(gλµvν − gλνvµ) + ǫλµνρaρ , (25)
where
vµ = T
λ
λµ , aµ =
1
6
ǫµνσρT
νσρ , tλµν =
1
2
(Tλµν + Tµλν) +
1
6
(gνλvµ + gνµvλ)− 1
3
gλµvν , (26)
are known as the vector, axial, and purely tensorial, torsions, respectively.
Constructing the following three parity preserving quadratic invariants
Tvec = vµv
µ, Tax = aµa
µ, Tten = tλµνt
λµν , (27)
the Lagrangian of new general relativity is then written as
LNGR = − θ
2κ
(
a0 + a1Tax + a2Tten + a3Tvec
)
. (28)
Recently [35], it was shown that it is possible to consider a general model known as f(Tax, Tten, Tvec) gravity, where
we consider a Lagrangian given by an arbitrary function of the quadratic invariants (27)
LATV = θ
2κ
f(Tax, Tten, Tvec). (29)
It is also possible to modify teleparallel gravity by introducing a non-minimal coupling with the scalar field φ
[22, 36], which can be further generalized to the so-called f(T,X, Y, φ) model [37], where X is the kinetic term for
scalar field, and Y is the term representing the coupling between the torsion and gradient of the scalar field.
III. SYMMETRIES IN TELEPARALLEL GRAVITY
We now come to the general notion of spacetime symmetries in the language of teleparallel geometry, which we will
investigate in several steps. We start with a definition of symmetry under a finite group action in section IIIA. The
infinitesimal version of this notion will be developed in section III B. We then discuss how this notion of symmetry
behaves under local Lorentz transformations in section III C, and make use of these properties in order to simplify
the symmetry conditions. Finally, in section IIID we discuss how this notion of symmetry leads to a simplification
of the field equations of teleparallel gravity theories. Observe that the results in the sections III A and III B do not
yet use the teleparallel condition of the connection, but hold for general metric-compatible spin connections. Only in
section III C the curvature free condition will be used to establish results in the Weitzenböck gauge.
6A. Symmetries under group actions
There are different possible ways to define spacetime symmetries. For our purposes it will be most convenient to
consider the invariance of selected geometric objects on a spacetime manifold M under the action ϕ : G×M →M of
a Lie group G on M . The particular notion of symmetry we use here is motivated by a previous study of spacetime
symmetries using Cartan geometry [31], and is also valid in the more general case when the spin connection ω is not
flat1. The teleparallel fields tetrad and spin connection, introduced in section IIA, define via equations (2) and (3)
a metric and an affine connection. They in turn define what is called an orthogonal Cartan geometry, for which a
precise notion of symmetry exists. The orthogonal Cartan geometry is invariant under a group action on M if and
only the metric gµν and the affine connection ∇ are invariant under this action. To clarify this notion, let u ∈ G and
denote the induced diffeomorphism by ϕu : M → M . Further denoting the image ϕu(x) by x′, one finds the usual
formulas
(ϕ∗ug)µν(x) = gρσ(x
′)
∂x′ρ
∂xµ
∂x′σ
∂xν
(30)
and
(ϕ∗uΓ)
µ
νρ(x) = Γ
τ
ωσ(x
′)
∂xµ
∂x′τ
∂x′ω
∂xν
∂x′σ
∂xρ
+
∂xµ
∂x′σ
∂2x′σ
∂xν∂xρ
(31)
for the pullbacks of the metric and the connection coefficients along the diffeomorphism ϕu. Following the treatment
in [31] we introduce the following notion of symmetry.
Definition. A symmetry of a teleparallel geometry (M, θ,ω) is a group action ϕ : G ×M → M of a Lie group G
such that the induced metric (2) and affine connection (3) are invariant, i.e., ϕ∗ug = g and ϕ
∗
uΓ = Γ for all u ∈ G.
The teleparallel geometry is then called symmetric under the group action ϕ.
We now express the conditions of symmetry on the metric and affine connection as conditions on the fundamental
teleparallel variables tetrad and spin connection. Observe that their pullbacks by ϕu are given by
(ϕ∗uθ)
a
µ(x) = θ
a
ν(x
′)
∂x′ν
∂xµ
, (ϕ∗uω)
a
bµ(x) = ω
a
bν(x
′)
∂x′ν
∂xµ
, (32)
as usual for 1-forms. It follows from their definitions (2) and (3) that the metric and the affine connection are invariant
under the diffeomorphism ϕu, i.e, ϕ
∗
ug = g and ϕ
∗
uΓ = Γ, if and only if there exists a corresponding local Lorentz
transformation Λ˜u : M → SO(1, 3) such that
(ϕ∗uθ)
a
µ = Λ˜
a
ubθ
b
µ , (ϕ
∗
uω)
a
bµ = Λ˜
a
ucΛ˜u b
dωcdµ + Λ˜
a
uc∂µΛ˜u b
c . (33)
Hence, the metric and connection are invariant under the action of the group G if and only if there exists a map
Λ˜ : G×M → SO(1, 3) such that this condition is satisfied for every u ∈ G.
From the fact that we are considering a (left) group action follows that any such map Λ˜ which satisfies the
condition (33) has another property, which is imposed by the group structure of G. For u, v ∈ G we find
Λ˜
a
uvbθ
b
µ = (ϕ
∗
uvθ)
a
µ = (ϕ
∗
vϕ
∗
uθ)
a
µ = Λ˜
a
vbΛ˜
b
ucθ
c
µ ⇒ Λ˜uv = Λ˜vΛ˜u , (34)
where the last part follows after multiplication with the inverse tetrad. This shows that Λ˜ is a local homomorphism of
the opposite group of G to the Lorentz group SO(1, 3). The same result can also be derived from the transformation
behavior of ω. This also shows that it is more convenient to consider the inverse Λ = •−1 ◦ Λ˜ instead, which is a local
homomorphism of G to SO(1, 3), and whose components are given by
Λ
a
ub = Λ˜
a
u−1b =
(
Λ˜
−1
u
)a
b = Λ˜u b
a . (35)
This leads us to the following statement:
Statement 1. A teleparallel geometry (M, θ,ω) is symmetric under a group action ϕ : G ×M → M if and only if
there exists a local Lie group homomorphism Λ : G ×M → SO(1, 3) such that the conditions (33) are satisfied for
Λ˜ = •−1 ◦Λ and for all u ∈ G.
In the following we will only work with Λ instead of Λ˜.
1 Let us mention that recently it has been discussed whether the Cartan geometry in teleparallel geometry should be used at the more
fundamental level in Refs. [38] and [39]. In our paper, we use Cartan geometry only as a mathematical tool since Cartan geometry
provides a possible interpretation of the tetrad and spin connection used in the teleparallel geometry.
7B. Infinitesimal symmetries
For practical calculations it is often convenient to consider infinitesimal symmetries instead of the finite symmetries
discussed above. Recall that any element ξ ∈ g ∼= T1G determines a one-parameter subgroup ξˆ : R→ G, t 7→ exp(tξ)
via the exponential map. The action ϕ : G ×M → M assigns to ξ a one-parameter group ϕ
ξˆ(t) of diffeomorphisms,
which determines a trajectory γξ(x, t) = ϕξˆ(t)(x), such that γξ(x, 0) = x. The tangent vectors γ˙ξ(x, 0) = Xξ(x)
constitute a vector field Xξ ∈ VectM . Note that the assignment ξ 7→ Xξ is a Lie algebra homomorphism.
The Lie derivative of a tensor field W or affine connection on M with respect to Xξ is given by
LXξW =
d
dt
(
ϕ∗
ξˆ(t)
W
)∣∣∣∣
t=0
. (36)
In particular, for the metric and affine connection we have the Killing equation
(LXξg)µν = Xρξ ∂ρgµν + ∂µXρξ gρν + ∂νXρξ gµρ (37)
and
(LXξΓ)µνρ = Xσξ ∂σΓµνρ − ∂σXµξ Γσνρ + ∂νXσξ Γµσρ + ∂ρXσξ Γµνσ + ∂ν∂ρXµξ
= ∇ρ∇νXµξ −Xσξ Rµνρσ −∇ρ(Xσξ T µνσ) ,
(38)
where the last line shows that LXξΓ is a tensor field. (Note that the equation given here holds also for non-flat
connection ∇, while in the teleparallel case one has Rµνρσ ≡ 0.) The tetrad and spin connection transform as
1-forms, hence
(LXξθ)aµ = Xνξ ∂νθaµ + ∂µXνξ θaν , (LXξω)abµ = Xνξ ∂νωabµ + ∂µXνξ ωabν . (39)
If the metric and connection are invariant under the action of the group G, then the Lie derivatives LXξg and LXξΓ
vanish. This is the case if and only if the Lie derivative of the tetrad and the spin connection satisfy
(LXξθ)aµ = −λaξ bθbµ , (LXξω)abµ = Dµλaξ b , (40)
where we used the total derivative
Dµλ
a
ξ b = ∂µλ
a
ξ b + ω
a
cµλ
c
ξb − ωcbµλaξ c , (41)
and where λ : g×M → so(1, 3) is the local Lie algebra homomorphism defined by
λξ(x) =
d
dt
Λ
ξˆ(t)(x)
∣∣∣∣
t=0
. (42)
C. Local Lorentz transformations
We now consider a tetrad θ′ and spin connection ω′ derived from a tetrad θ and spin connection ω by a local Lorentz
transformation Λ : M → SO(1, 3) such that
θ′aµ = Λ
a
bθ
b
µ , ω
′a
bµ = Λ
a
cΛb
dωcdµ + Λ
a
c∂µΛb
c . (43)
Recall that a local Lorentz transformation of this form leaves the metric and affine connection invariant, g = g′ and
∇ = ∇′. Hence, if θ and ω are symmetric under the action of a group G on M with local homomorphism Λ, then
there exists also a local homomorphism Λ′ such that θ′ and ω′ are symmetric. A quick calculation shows that this
local homomorphism is given by
Λ
′
u b
a(x) = Λac(ϕu(x))Λb
d(x)Λu d
c(x) . (44)
For teleparallel connections satisfying (1), and thus being of the form (9), we may use this fact in order to simplify
the symmetry conditions (33), or their infinitesimal versions (40). It allows us to work in the Weitzenböck gauge, i.e.,
to choose Λab such that ω
′a
bµ = 0. In this gauge the symmetry conditions (33) read
(ϕ∗uθ
′)aµ = Λ
′
u b
aθ′bµ , 0 ≡ (ϕ∗uω′)abµ = Λ′u caΛ′udbω′cdµ +Λ′u ca∂µΛ′ucb ≡ Λ′u ca∂µΛ′ucb . (45)
8with their infinitesimal versions (40) given by
(LXξθ′)aµ = −λ′aξ bθ′bµ , 0 ≡ (LXξω′)abµ = ∂µλ′aξ b . (46)
The second condition now simply states that the local Lie group homomorphism Λ′u, and hence also the corresponding
local Lie algebra homomorphism λ′ξ, must not depend on the spacetime point, and so instead of a local Lie group
homomorphism one has a global one. Since for a given symmetry group there is only a limited number of such Lie
group homomorphisms, this greatly simplifies the task of finding the symmetric tetrads. One simply has to choose a
homomorphism Λ′ : G→ SO(1, 3), and then solve the condition on θ′aµ.
The aforementioned considerations also allow for a classification of symmetric teleparallel geometries. If θ′aµ
satisfies the symmetry condition (46) for Λ′ in the Weitzenböck gauge, then θ¯′aµ = Λ
a
bθ
′b
µ with a global Lorentz
transformation Λ ∈ SO(1, 3) satisfies the corresponding symmetry condition for
Λ¯
′
u b
a = Λb
dΛacΛ
′
u d
c . (47)
The two global homomorphisms Λ′, Λ¯
′
: G → SO(1, 3) can be regarded as isomorphic representations of G in the
sense that they are equal up to conjugation with Λ. This leads us to the following statement.
Statement 2. When working in the Weitzenböck gauge, symmetric tetrads which belong to conjugated homomorphisms
Λ
′, Λ¯
′
: G→ SO(1, 3) are related by global Lorentz transformations.
In the remainder of this article we will drop the prime (′) and work in the Weitzenböck gauge whenever we are
determining symmetric tetrads. Instead we will use the prime when we transform the tetrads we have found into a
(sometimes more convenient) non-Weitzenböck gauge.
D. Field equations for symmetric spacetimes
We finally address the question how the notion of symmetry developed in the preceding sections is of use for the
problem of solving or simplifying the field equations of teleparallel gravity theories. Recall that for any teleparallel
gravity theory with local Lorentz invariance the field equations can be written in the generic form Eµν = θ
a
µθ
b
νEab =
κΘµν , where the energy-momentum tensor Θµν is symmetric as a consequence of local Lorentz invariance. In this form
the Euler-Lagrange expression Eµν can be regarded as a tensor constructed from the metric, seen as function of the
tetrads, the torsion of the teleparallel connection and the Levi-Civita covariant derivative defined by the metric, see
section II B. If one imposes the symmetry conditions ϕ∗ug = g and ϕ
∗
uΓ = Γ of the metric and the connection, then one
easily derives that also the Levi-Civita connection and the torsion satisfy the corresponding symmetry conditions, i.e.,
they are invariant under the action of the symmetry group. The same holds for their covariant derivatives, products
and contractions. It thus follows that any tensor constructed from these quantities has the same property. This leads
us to the following statement:
Statement 3. Let Eµν be an arbitrary tensor field constructed from the metric (2), the torsion (5) and their covariant
derivatives with respect to the Levi-Civita connection or the teleparallel connection (3). If the tetrad and the spin
connection satisfy the symmetry conditions (33), then also Eµν satisfies the symmetry condition, ϕ
∗
uE = E for all
u ∈ G.
This statement in particular applies to the Euler-Lagrange equations of any teleparallel gravity theory mentioned
in section II B. Since imposing a symmetry of the form ϕ∗uE = E in general reduces the number of independent
components of Eµν or restricts their coordinate dependence, it usually leads to a simplification of the corresponding
field equations, up to fully solving them. However, note that the converse statement is not true: depending on
the choice of the theory, also less symmetric teleparallel geometries may lead to Euler-Lagrange expressions which
are trivially invariant under the action of the symmetry group. The most simple example is TEGR, where Eµν is
the Einstein tensor, and thus depends only on the metric, so that one may relax the symmetry condition on the
teleparallel connection (3). However, we will not discuss such specific models in this work, and keep the theory and
its field equations fully generic.
IV. TETRADS AND SPIN CONNECTIONS OBEYING PARTICULAR SYMMETRIES
We now apply the formalism developed in the previous section to particular symmetry groups and their actions on
a four-dimensional spacetime manifold M . We do so in the order of increasing symmetry. As an illustrative example,
9we start with axial symmetry under the group SO(2) in section IVA. We then continue with spherical symmetry
under the group SO(3) in section IVB. In section IVC, we discuss different types of cosmological symmetry, which
are characterized by spatially homogeneous and isotropic spacetimes. Finally, we come to maximally symmetric
spacetimes in section IVD.
A. SO(2): axially symmetric spacetime
We start our discussion of particular symmetries with an illustrative example. For this purpose we discuss the
symmetry group SO(2) of an axially symmetric spacetime. We use spherical coordinates (t, r, ϑ, ϕ), as it will turn out
to be convenient later, when we discuss larger symmetry groups. In these coordinates the single generator of rotations
around the polar axis is given by
Xz = −∂ϕ . (48)
In order to construct a symmetric tetrad, we now need to choose a local homomorphism Λ : SO(2)×M → SO(1, 3).
However, recall that we can simplify this choice by working in the Weitzenböck gauge ωabµ = 0, in which one of
the symmetry conditions becomes equal to the condition that Λ is constant over spacetime M , and hence simply
constitutes a (global) homomorphism Λ : SO(2)→ SO(1, 3). Of course, there are numerous possibilities to make this
choice. Here we restrict ourselves to a simple example, and choose
Λ(R(φ)) =
1 0 0 00 cosφ − sinφ 00 sinφ cosφ 0
0 0 0 1
 , (49)
where R(φ) ∈ SO(2) denotes a rotation which is parametrized by an arbitrary angle φ ∈ [0, 2π). The differential
λ (42) of Λ acts on the generator of rotation as
Xz 7→
0 0 0 00 0 −1 00 1 0 0
0 0 0 0
 . (50)
With this assignment, we can now explicitly write out the first equation of the symmetry condition (46), which reads
0 = (LXzθ)aµ + λazbθbµ =
−∂ϕθ
0
µ
−∂ϕθ1µ
−∂ϕθ2µ
−∂ϕθ3µ
+
0 0 0 00 0 −1 00 1 0 0
0 0 0 0
 ·
θ
0
µ
θ1µ
θ2µ
θ3µ
 =
 −∂ϕθ
0
µ
−∂ϕθ1µ − θ2µ
−∂ϕθ2µ + θ1µ
−∂ϕθ3µ
 . (51)
From these equations one now immediately finds that the tetrad must be of the form
θ0µ = C
0
µ , θ
1
µ = C
1
µ cosϕ− C2µ sinϕ , θ2µ = C1µ sinϕ+ C2µ cosϕ , θ3µ = C3µ , (52)
where the 16 functions Caµ depend only on the remaining coordinates t, r, ϑ. Alternatively, one may perform a local
Lorentz transformation to obtain the tetrad
θ′aµ = Λ
a
bθ
b
µ = C
a
µ , (53)
whose components do not depend on the spacetime coordinate ϕ at all, where the Lorentz transformation is given by
Λab =
1 0 0 00 cosϕ sinϕ 00 − sinϕ cosϕ 0
0 0 0 1
 , (54)
and is hence given by a rotation whose angle agrees with the azimuth angle ϕ in the spherical coordinate system we
use. In this case, however, one must include a non-trivial spin connection, since the local Lorentz transformation leads
to a non-Weitzenböck gauge. The non-vanishing spin connection components read
ω12ϕ = −ω21ϕ = −1 . (55)
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The tetrad (52) or equivalently the tetrad (53) with spin connection (55) represent the most general teleparallel
geometry which has axial symmetry implemented by the group homomorphism (49). Observe that by statement 3
of section IIID this implies that the field equations for any teleparallel theory of gravity also obey the symmetry
conditions. Hence, in particular that the anti-symmetric part of the field equations can not depend on φ as we show
in (93). This can also be seen by explicitly calculating the metric (2) and affine connection (3), which read
gµν = ηabC
a
µC
b
ν (56)
and
Γµνρ =
{
C2
µC1ν − C1µC2ν for ρ = ϕ,
Ca
µ∂ρC
a
ν otherwise,
(57)
where Ca
µ denotes the inverse of Caµ. Note that these do not depend on the gauge choice, and are thus equivalently
obtained from θaµ given by (52) in the Weitzenböck gauge or by the corresponding non-Weitzenböck expressions θ
′a
µ
and ω′abµ. It also immediately follows that their Lie derivatives (37) and (38) vanish,
(LXzg)µν = −∂ϕgµν = 0 , (LXzΓ)µνρ = −∂ϕΓµνρ = 0 , (58)
since their components do not depend on the coordinate ϕ. Hence, also any tensorial expression Eµν constructed
from these two quantities only is independent of ϕ, and therefore possesses axial symmetry. A special case of axial
symmetric teleparallel geometry has been applied to f(T, φ) gravity in [40].
Of course the teleparallel geometry we obtained depends on the choice of homomorphism Λ. This can be seen
explicitly by choosing it differently, such as the trivial homomorphism
Λ¯ : SO(2)→ SO(1, 3), U 7→ 1 . (59)
In this case the condition on the corresponding tetrad θ¯aµ in the Weitzenböck gauge simply reads
0 = (LXz θ¯)aµ = −∂ϕθ¯aµ , (60)
which is solved by θ¯aµ = C
a
µ with the same free functions C
a
µ of t, r, ϑ as above. Note that this solution differs from
the previous solution, θ¯aµ 6= θaµ, as its components are independent of ϕ already in the Weitzenböck gauge. This
can also be seen by deriving the metric and affine connection. While the metric remains the same, g¯µν = gµν , the
connection now becomes Γ¯µνρ = Ca
µ∂ρC
a
ν 6= Γµνρ. The latter implies that also tensorial field equations derived from
these quantities differ, and so it is indeed an inequivalent solution. Nevertheless, also Γ¯µνρ satisfies the symmetry
condition (38).
Note that by imposing axial symmetry we have completely fixed the dependence on the coordinate ϕ. Nevertheless,
the obtained tetrads are still very generic. They serve as an illustrative example and as ansatz to solve field equations of
teleparallel theories of gravity. Moreover, they are the starting point for constructing tetrads with higher symmetries.
This will be done in the following sections.
B. SO(3): spherically symmetric spacetime
In the next step we extend the axial symmetry discussed in the previous section and consider spherical symmetry.
Due to the length of the results we split the presentation in two parts. First we present the most general spherically
symmetric tetrad in Weitzenböck gauge, as well as the corresponding metric and affine connection. Afterwards we
apply Lorentz transformations to simplify the tetrad on the cost of a non-vanishing spin connection. By deriving
again the metric and the affine connection from the transformed tetrad and spin connection we demonstrate explicitly
the local Lorentz invariance of these spacetime structures.
1. The SO(3) tetrad in Weitzenböck gauge
In the next step we extend the axial symmetry discussed in the previous section and consider spherical symmetry.
This can be achieved by introducing two additional symmetry generating vector fields, which take the form
Xx = sinϕ∂ϑ +
cosϕ
tanϑ
∂ϕ , Xy = − cosϕ∂ϑ + sinϕ
tanϑ
∂ϕ . (61)
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in the spherical coordinates we have chosen. In order to construct symmetric tetrads, we again need to choose a
homomorphism Λ, but now with the domain given by the rotation group SO(3). A simple and canonical choice is
given by realizing that SO(3) is embedded in SO(1, 3) via the homomorphism
Λ : SO(3)→ SO(1, 3), U 7→
(
1 0
0 U
)
. (62)
Also note that by restriction to rotations around the polar axis, one obtains the homomorphism (49) discussed before.
Hence, the corresponding Lie algebra homomorphism (50) is simply extended by the two additional assignments
Xx 7→
0 0 0 00 0 0 00 0 0 −1
0 0 1 0
 , Xy 7→
0 0 0 00 0 0 10 0 0 0
0 −1 0 0
 . (63)
In order to solve the symmetry conditions, it is helpful to proceed in two steps. In the first step one makes use of the
already determined axially symmetric tetrad (52) and imposes the condition
sinϕ
[
(LXyθ)aµ + λaybθbµ
]
+ cosϕ
[
(LXxθ)aµ + λaxbθbµ
]
= 0 , (64)
which is a linear combination of the symmetry conditions to be imposed, and has the advantage that the resulting
equations are essentially decoupled. Further, one finds that some of the resulting equations are satisfied identically,
while others do not contain derivatives, and so yield algebraic equations for the components Caµ in the axially
symmetric tetrad (52). First, one obtains the equations
C0ϑ = C
0
ϕ = C
2
t = C
2
r = 0 , (65)
so that these components must vanish. After imposing these conditions one further finds the equations
C1t cosϑ− C3t sinϑ = C1r cosϑ− C3r sinϑ = C2ϑ sin2 ϑ− C3ϕ = C2ϕ + C3ϑ = 0 , (66)
which allow eliminating four further components. Finally, one finds the conditions
C1ϕ + C
2
ϑ cosϑ sinϑ = C
1
ϑ sinϑ+ C
3
ϑ cosϑ = 0 . (67)
In total one thus finds 10 algebraic equations of the 16 components Caµ. The most general solution of these equations
can be expressed in terms of 6 free functions C1, . . . , C6 of the coordinates t, r, ϑ in the form
θ0 = C1dt+ C2dr , (68a)
θ1 = sinϑ cosϕ(C3dt+ C4dr) + (C5 cosϑ cosϕ− C6 sinϕ)dϑ − sinϑ(C5 sinϕ+ C6 cosϑ cosϕ)dϕ , (68b)
θ2 = sinϑ sinϕ(C3dt+ C4dr) + (C5 cosϑ sinϕ+ C6 cosϕ)dϑ+ sinϑ(C5 cosϕ− C6 cosϑ sinϕ)dϕ , (68c)
θ3 = cosϑ(C3dt+ C4dr) − C5 sinϑdϑ+ C6 sin2 ϑdϕ . (68d)
We then come to the second step, and impose the linear combination
cosϕ
[
(LXyθ)aµ + λaybθbµ
]− sinϕ [(LXxθ)aµ + λaxbθbµ] = 0 (69)
on the tetrad (68). The resulting equations now simply read
∂ϑC1 = . . . = ∂ϑC6 = 0 , (70)
which means that the functions C1, . . . , C6 may depend only on t and r, so that the dependence on ϑ is fully determined.
The tetrad (68) is then the most general spherically symmetric tetrad in the Weitzenböck gauge. Its corresponding
metric (2) has non-vanishing components
gtt = C
2
3 − C21 , grr = C24 − C22 , grt = gtr = C3C4 − C1C2 , gϑϑ = C25 + C26 , gϕϕ = gϑϑ sin2 ϑ , (71)
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while the corresponding affine teleparallel connection (3) is given by the non-vanishing components
Γttt =
C4∂tC1 − C2∂tC3
C1C4 − C2C3 Γ
r
tt =
C1∂tC3 − C3∂tC1
C1C4 − C2C3 Γ
ϑ
tϑ =
C3C5
C25 + C
2
6
Γϕtϑ =
−1
sin2 ϑ
Γϑtϕ
Γttr =
C4∂rC1 − C2∂rC3
C1C4 − C2C3 Γ
r
tr =
C1∂rC3 − C3∂rC1
C1C4 − C2C3 Γ
ϑ
tϕ =
C3C6 sinϑ
C25 + C
2
6
Γϕtϕ = Γ
ϑ
tϑ
Γtrt =
C4∂tC2 − C2∂tC4
C1C4 − C2C3 Γ
r
rt =
C1∂tC4 − C3∂tC2
C1C4 − C2C3 Γ
ϑ
rϑ =
C4C5
C25 + C
2
6
Γϕrϑ =
−1
sin2 ϑ
Γϑrϕ
Γtrr =
C4∂rC2 − C2∂rC4
C1C4 − C2C3 Γ
r
rr =
C1∂rC4 − C3∂rC2
C1C4 − C2C3 Γ
ϑ
rϕ =
C4C6 sinϑ
C25 + C
2
6
Γϕrϕ = Γ
ϑ
rϑ
Γtϑϑ =
C2C5
C1C4 − C2C3 Γ
r
ϑϑ =
−C1C5
C1C4 − C2C3 Γ
ϑ
ϑt =
C5∂tC5 + C6∂tC6
C25 + C
2
6
Γϕϑt = − 1
sinϑ2
Γϑϕt
Γtϑϕ =
C2C6 sinϑ
C1C4 − C2C3 Γ
r
ϑϕ =
−C1C6 sinϑ
C1C4 − C2C3 Γ
ϑ
ϑr =
C5∂rC5 + C6∂rC6
C25 + C
2
6
Γϕϑr = − 1
sinϑ2
Γϑϕr
Γtϕϑ = −Γtϑϕ Γrϕϑ = −Γrϑϕ Γϑϕt = sinϑ(C6∂tC5 − C5∂tC6)
C25 + C
2
6
Γϕϕt = Γ
ϑ
ϑt
Γtϕϕ = sin
2 ϑΓtϑϑ Γ
r
ϕϕ = sin
2 ϑΓrϑϑ Γ
ϑ
ϕr =
sinϑ(C6∂rC5 − C5∂rC6)
C25 + C
2
6
Γϕϕr = Γ
ϑ
ϑr
Γϑϕϕ = − cosϑ sinϑ Γϕϑϕ = Γϕϕϑ = cotϑ .
(72)
It is now easy to check that the metric and connection satisfy the spherical symmetry conditions, i.e., their Lie
derivatives (37) and (38) vanish for the spherical symmetry generators.
Observe again that by statement 3 of section IIID the symmetry of the tetrad implies that the field equations for
any teleparallel theory of gravity also obey the symmetry conditions. Hence, in particular the only non-vanishing
components of the anti-symmetric part of the field equations are E[tr] and E[ϑφ], as we show in (96).
2. The block diagonal SO(3) tetrad and its spin connection
Simpler forms of the spherically symmetric tetrad can be obtained by applying Lorentz transformations to (68).
In consequence, the spin connection corresponding to the new tetrads will be non-vanishing, which ensures local
Lorentz invariance on spacetime. We demonstrate the latter feature explicitly by calculating the metric and the affine
connection again after we applied several local Lorentz transformations. In the following three non-Weitzenböck
tetrads will be constructed.
We begin with the local Lorentz transformation given by
Λab =
1 0 0 00 sinϑ cosϕ sinϑ sinϕ cosϑ0 cosϑ cosϕ cosϑ sinϕ − sinϑ
0 − sinϕ cosϕ 0
 . (73)
It yields the new tetrad
θ′0 = C1dt+ C2dr , θ
′1 = C3dt+ C4dr , θ
′2 = C5dϑ− C6 sinϑdϕ , θ′3 = C6dϑ+ C5 sinϑdϕ , (74)
where we now have a non-trivial spin connection, whose non-vanishing components are given by
ω′12ϑ = −ω′21ϑ = −1 , ω′13ϕ = −ω′31ϕ = − sinϑ , ω′23ϕ = −ω′32ϕ = − cosϑ . (75)
In order to further simplify the tetrad, we replace C5 and C6 by the equivalent parametrization
C5 = Cs cosCα , C6 = Cs sinCα , (76)
where now Cs and Cα are free functions of the coordinates t and r. Performing the additional local Lorentz transfor-
mation
Λ′ab =
1 0 0 00 1 0 00 0 cosCα sinCα
0 0 − sinCα cosCα
 (77)
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then yields the tetrad
θ′′0 = C1dt+ C2dr , θ
′′1 = C3dt+ C4dr , θ
′′2 = Csdϑ , θ
′′3 = Cs sinϑdϕ , (78)
while the spin connection now has components
ω′′12ϑ = −ω′′21ϑ = − cosCα , ω′′12ϕ = −ω′′21ϕ = − sinϑ sinCα , ω′′13ϕ = −ω′′31ϕ = − sinϑ cosCα ,
ω′′13ϑ = −ω′′31ϑ = sinCα , ω′′23t = −ω′′32t = −∂tCα , ω′′23r = −ω′′32r = −∂rCα ,
ω′′23ϕ = −ω′′32ϕ = − cosϑ . (79)
Finally, one may use the equivalent parametrization defined through
C1 = Ct coshCυ , C2 = Cr sinhCψ , C3 = Ct sinhCυ , C4 = Cr coshCψ , (80)
where now Ct, Cr, Cυ , Cψ are free functions of t and r. One may then apply one of the following two local Lorentz
transformations. The first one is given by
Λ′′ab =
 coshCυ − sinhCυ 0 0− sinhCυ coshCυ 0 00 0 1 0
0 0 0 1
 (81)
and yields the almost diagonal tetrad
θ′′′0 = Ctdt− Cr sinh(Cυ − Cψ)dr , θ′′′1 = Cr cosh(Cυ − Cψ)dr , θ′′′2 = Csdϑ , θ′′′3 = Cs sinϑdϕ , (82)
together with the now more involved non-vanishing spin connection
ω′′′02ϕ = ω
′′′2
0ϕ = sinhCυ sinϑ sinCα , ω
′′′0
2ϑ = ω
′′′2
0ϑ = sinhCυ cosCα , ω
′′′0
1t = ω
′′′1
0t = ∂tCυ ,
−ω′′′12ϕ = ω′′′21ϕ = coshCυ sinϑ sinCα , −ω′′′12ϑ = ω′′′21ϑ = coshCυ cosCα , −ω′′′23t = ω′′′32t = ∂tCα ,
ω′′′03ϕ = ω
′′′3
0ϕ = sinhCυ sinϑ cosCα ω
′′′0
3ϑ = ω
′′′3
0ϑ = − sinhCυ sinCα , ω′′′01r = ω′′′10r = ∂rCυ ,
−ω′′′13ϕ = ω′′′31ϕ = coshCυ sinϑ cosCα , −ω′′′13ϑ = ω′′′31ϑ = − coshCυ sinCα , −ω′′′23r = ω′′′32r = ∂rCα ,
−ω′′′23ϕ = ω′′′32ϕ = cosϑ . (83)
The second alternative is obtained by applying a local Lorentz transformation Λ˜′′ab instead of Λ
′′a
b, which takes
the same form (81), but with Cψ instead of Cυ. The resulting spin connection ω˜
′′a
bµ takes the same form (83) as
ω′′abµ, but with Cψ instead of Cυ, while the tetrad becomes
θ˜′′′0 = Ct cosh(Cυ − Cψ)dt , θ˜′′′1 = Ct sinh(Cυ − Cψ)dt+ Crdr , θ˜′′′2 = Csdϑ , θ˜′′′3 = Cs sinϑdϕ . (84)
Comparing this result to the original tetrad (68) in the Weitzenböck gauge, we see instead of the six free functions
C1, . . . , C6 in the tetrad one now only has four free functions Ct, Cr, Cs, Cυ − Cψ in the tetrad, while the remaining
two free functions Cα and either Cυ or Cψ determine the spin connection. Note further that if Cυ(t, r) = Cψ(t, r) for
all t, r we find that Λ˜′′ab = Λ
′′a
b and ω˜
′′′a
bµ = ω
′′′a
bµ, while the tetrad θ˜
′′′a
µ = θ
′′′a
µ becomes diagonal. An example
for this tetrad given by the parameter functions
C1 = 1 , C2 = −
√
ζ
ξ
− ζ , C3 = −
√
1− ξ , C4 =
√
ζ
ξ
, C5 = r
√
ξ
ζ
, C6 = ∓r
√
1− ξ
ζ
, (85)
and hence
Ct =
√
ξ , Cr =
√
ζ , Cs = r , Cυ = Cψ = − arcsinh
√
1− ξ
ξ
, Cα = ∓ arcsin
√
1− ξ
ζ
, (86)
where ξ and ζ are functions of the radial coordinate r only, was presented in [41].
We also display a few quantities derived from this tetrad. First note that in order to be non-degenerate, its
determinant
det θ = (C1C4 − C2C3)(C25 + C26 ) sinϑ = CtCrC2s cosh(Cυ − Cψ) sinϑ , (87)
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and hence also the parameter functions Ct, Cr, Cs, must be non-vanishing for all t, r.
In the alternative parametrization we introduced above, the metric (71) becomes
gtt = −C2t , grr = C2r , grt = gtr = CtCr sinh(Cυ − Cψ) , gϑϑ = C2s , gϕϕ = gϑϑ sin2 ϑ . (88)
Note that the metric depends only on the four functions Ct, Cr, Cs, Cυ − Cψ appearing in the tetrads (82) and (84).
The remaining functions, however, appear in the teleparallel connection (3), which is more conveniently expressed in
the latter parametrization. Its non-vanishing components then read, with X = Cυ − Cψ,
Γttt =
∂tCt
Ct
+ tanh(X)∂tCυ Γ
r
tt =
Ct∂tCυ
Cr cosh(X)
Γϑtϑ =
Ct sinhCυ cosCα
Cs
Γϕtϑ =
−1
sin2 ϑ
Γϑtφ
Γttr =
∂rCt
Ct
+ tanh(X)∂rCυ Γ
r
tr =
Ct∂rCυ
Cr cosh(X)
Γϑtϕ =
Ct sinhCυ sinCα sinϑ
Cs
Γϕtϕ = Γ
ϑ
tϑ
Γtrt =
Cr∂tCψ
Ct cosh(X)
Γrrt =
∂tCr
Cr
− tanh(X)∂tCψ Γϑrϑ = Cr coshCψ cosCα
Cs
Γϕrϑ =
−1
sin2 ϑ
Γϑrϕ
Γtrr =
Cr∂rCψ
Ct cosh(X)
Γrrr =
∂rCr
Cr
− tanh(X)∂rCψ Γϑrϕ = Cr coshCψ sinCα sinϑ
Cs
Γϕrϕ = Γ
ϑ
rϑ
Γtϑϑ =
Cs sinhCψ cosCα
Ct cosh(X)
Γrϑϑ = −Cs coshCυ cosCα
Cr cosh(X)
Γϑϑt =
∂tCs
Cs
Γϕϑt =
−1
sin2 ϑ
Γϑϕt
Γtϑϕ =
Cs sinhCψ sinCα sinϑ
Ct cosh(X)
Γrϑϕ = −Cs coshCυ sinCα sinϑ
Cr cosh(X)
Γϑϑr = Γ
ϕ
ϕr =
∂rCs
Cs
Γϕϑr =
−1
sin2 ϑ
Γϑϕr
Γtϕϑ = −Γtϑϕ Γrϕϑ = −Γrϑϕ Γϑϕt = −∂tCα sinϑ Γϕϕt = Γϑϑt
Γtϕϕ = sin
2 ϑΓtϑϑ Γ
r
ϕϕ = sin
2 ϑΓrϑϑ Γ
ϑ
ϕr = −∂rCα sinϑ Γϕϕr = Γϑϑr
Γϑϕϕ = − cosϑ sinϑ Γϕϑϕ = Γϕϕϑ = cotϑ .
(89)
Again the metric and connection satisfy the spherical symmetry conditions, i.e., their Lie derivatives (37) and (38)
vanish for the spherical symmetry generators. Comparing equations (72) and (89) demonstrates explicitly that the
covariant formulation of teleparallel theories of gravity, which takes the spin connection into account properly, ensures
local Lorentz invariance. The expressions of the affine connection are identical up to the redefinition of the functions
CI .
We also remark that although the most general symmetric tetrad we obtained cannot be brought into diagonal
form by applying local Lorentz transformation, but retains an off-diagonal component as seen in the expressions (82)
and (84), which is related to the non-vanishing off-diagonal metric component gtr in the metric (71) and (88). One
may of course achieve this diagonal form by a coordinate transformation (t, r) 7→ (t˜, r˜), which does not influence the
spherical symmetry, since it commutes with rotations. Under this transformation the tetrad retains its general form
with six free parameter functions, but these functions transform according to
C˜1,3(t˜, r˜) = C1,3(t, r)
∂t
∂t˜
+ C2,4(t, r)
∂r
∂t˜
, C˜2,4(t˜, r˜) = C1,3(t, r)
∂t
∂r˜
+ C2,4(t, r)
∂r
∂r˜
, C˜5,6(t˜, r˜) = C5,6(t, r) , (90)
where t and r are now seen as functions of t˜ and r˜. It is thus possible to choose a transformation such that C˜3C˜4 −
C˜1C˜2 = 0.
Before we continue to cosmological symmetry, we’d like to to point out that the whole procedure of finding the
spherically symmetric teleparallel geometry is based on the choice of the group homomorphism (62). One may of
course pose the question whether it is necessary to pick a non-trivial group homomorphism, or whether one could
proceed as shown for axial symmetry at the end of section IVA and simply use the trivial homomorphism
Λ¯ : SO(3)→ SO(1, 3), U 7→ 1 . (91)
Assume that θ¯ is a symmetric tetrad in the Weitzenböck gauge, so that it satisfies the condition (45), which in this
case reduces to (ϕ∗uθ¯)
a
µ = θ¯
a
µ. Now consider a point x ∈ M at coordinates (t, r, ϑ, ϕ) with r > 0. The orbit O of
the group action of SO(3) through x is a sphere S2 with fixed coordinates (t, r). At the point x, choose a tangent
vector v = vϑ∂ϑ + v
ϕ∂ϕ = v
ae¯a(x) to this orbit, which is not the null vector. This implies that its components
va = θ¯a(v) = θ¯aϑ(x)v
ϑ + θ¯aϕ(x)v
ϕ in the basis dual to the tetrad θ¯ are not all zero. Now for each x′ ∈ O we can
find some u ∈ G for which x′ = ϕu(x). Then v′ = ϕu∗(v) = vaϕu(e¯a(x)) = vae¯a(x′) would again be tangent to O and
non-vanishing. Doing this for all x′ ∈ O would yield a nowhere vanishing tangent vector field of O ∼= S2. However,
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this is not possible, since the sphere is not parallelizable. Hence, no such tetrad field θ¯ can exist. With this we
demonstrated that the homomorphism between the symmetry group and the Lorentz group must be a non-trivial one
to obtain a symmetric tetrad. We also remark that similar topological obstructions exist for the existence of “good”
or “proper” tetrad in certain generalized teleparallel theories [42].
C. Cosmological symmetry
We now come to the class of cosmological symmetries. This class has the peculiar property that using the method
we present in this article, it is possible to solve the antisymmetric part of the field equations of any teleparallel gravity
theory, independent of its Lagrangian. This will be explained in section IVC1. We then present the solutions for
the three specific symmetries, corresponding to the spatial curvature parameter k = −1, 0, 1. The flat case k = 0 is
discussed in section IVC2, while we discuss positive spatial curvature k = 1 in section IVC3 and negative spatial
curvature k = −1 in section IVC4.
1. General considerations
We start our discussion of cosmological symmetry with some general results which hold for any value of the spatial
curvature parameter k. Note that in this case we have in addition to the generating vector fields (48) and (61) of
rotations also the translation generators
X1 = χ sinϑ cosϕ∂r +
χ
r
cosϑ cosϕ∂ϑ − χ sinϕ
r sinϑ
∂ϕ , (92a)
X2 = χ sinϑ sinϕ∂r +
χ
r
cosϑ sinϕ∂ϑ +
χ cosϕ
r sinϑ
∂ϕ , (92b)
X3 = χ cosϑ∂r − χ
r
sinϑ∂ϑ , (92c)
where we introduced the abbreviation χ =
√
1− kr2, and where we used spherical coordinates (t, r, ϑ, ϕ). Due to
its high amount of symmetry this class of symmetries is of particular interest, since it poses strong restrictions on
the field equations. Recall from section IIID statement 3, that if the metric gµν and the affine connection Γ
ρ
µν
are invariant under the flow of a vector field X , then also any Euler-Lagrange tensor Eµν constructed from these
quantities is invariant. This in particular then also implies that its antisymmetric part E[µν] is invariant. In the case
of cosmological symmetry this is a very strong condition, due to the following statement:
Statement 4. Any antisymmetric two-tensor with cosmological symmetry generated by the vector fields (48), (61)
and (92) vanishes.
Proof. This can simply be proven as follows. We start with the vector field Xz according to its definition (48).
Invariance implies
0 = (LXzE)[µν] = ∂ϕE[µν] . (93)
Hence, the components E[µν] do not depend on ϕ. We then continue with the generators (61). A direct calculation
shows that
(cosϕLXxE + sinϕLXyE)[µν] =

0 0 − E[tϕ]sin2 ϑ E[tϑ]
0 0 − E[rϕ]
sin2 ϑ
E[rϑ]
E[tϕ]
sin2 ϑ
E[rϕ]
sin2 ϑ o 0−E[tϑ] −E[rϑ] 0 0
 , (94)
This now further implies that the components E[tϑ], E[rϑ], E[tϕ] and E[rϕ] vanish identically. After imposing these
conditions we further calculate
(cosϕLXyE − sinϕLXxE)[µν] =

0 −∂ϑE[tr] 0 0
∂ϑE[tr] 0 0 0
0 0 0
E[ϑϕ]
tan ϑ − ∂ϑE[ϑϕ]
0 0 −E[ϑϕ]tanϑ + ∂ϑE[ϑϕ] 0
 , (95)
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from which we deduce that the only remaining components must be of the form
E[tr] = E˜[tr](t, r) , E[ϑϕ] = E˜[ϑϕ](t, r) sin ϑ . (96)
We finally apply X3, see (92). Here it is sufficient to calculate
(LX3E)[tϑ] = −χ sinϑE˜[tr] , (LX3E)[rϕ] =
sin2 ϑE˜[ϑϕ]
χr2
. (97)
This now shows that also E[tr] and E[ϑϕ] vanish, so that the complete antisymmetric part E[µν] vanishes. Hence, if we
calculate the antisymmetric part of the Euler-Lagrange equations from a tetrad and spin connection with cosmological
symmetry, then they are always satisfied, independent of the theory we consider.
2. ISO(3): flat space k = 0
The first case of a cosmological symmetry we discuss here is the spatially flat case k = 0. In this case it is
convenient to make use of Cartesian coordinates x = r sinϑ cosϕ, y = r sinϑ sinϕ, z = r cosϑ, in which the translation
generators (92) take the simple form
X1 = ∂x , X2 = ∂y , X3 = ∂z . (98)
The elements of the symmetry group are parametrized by v ∈ R3 and U ∈ SO(3), and act on the coordinates as
t′ = t ,
x′y′
z′
 = U ·
xy
z
+ v . (99)
One easily recognizes the Euclidean group ISO(3) = R3 ⋊ SO(3), where the multiplication law of the semidirect
product reads (v, U) · (v′, U ′) = (v + Uv′, UU ′).
In order to determine the symmetric tetrads and spin connections, we need to find a homomorphism Λ : ISO(3)→
SO(1, 3). A natural choice is to enhance the homomorphism (62) to
Λ : ISO(3)→ SO(1, 3), (v, U) 7→
(
1 0
0 U
)
(100)
by simply mapping pure translations (v, 13) to the identity 14. The derived Lie algebra homomorphism λ : iso(3)→
so(1, 3) then enhances the homomorphism defined through (50) and (63) by mapping the translation generators (98)
to the zero element 04.
We then come to solving the symmetry condition (46) in the Weitzenböck gauge. Since we have merely extended
the spherical symmetry and the homomorphism chosen in section IVB, we can start from the general spherically
symmetric tetrad (68) and impose its symmetry under the generators (92). It already suffices to consider only one
of them, such as X3 as it yields the most simple equations, since the symmetry under the remaining two generators
then follows from the structure of the symmetry algebra. Imposing this symmetry yields the conditions
C2 = C3 = C6 = 0 , (101)
while the remaining parameter functions must be of the form
C1 = n(t) , C4 = a(t) , C5 = a(t)r . (102)
Inserting these solutions one obtains the tetrad
θ0 = n(t)dt , (103a)
θ1 = a(t) [sinϑ cosϕdr + r cos θ cosϕdϑ− r sinϑ sinϕdϕ] , (103b)
θ2 = a(t) [sinϑ sinϕdr + r cos θ sinϕdϑ+ r sinϑ cosϕdϕ] , (103c)
θ3 = a(t) [cosϑdr − r sinϑdϑ] . (103d)
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Note that this result may be transformed into a diagonal tetrad by applying the local Lorentz transformation
Λab =
1 0 0 00 sinϑ cosϕ sinϑ sinϕ cosϑ0 cosϑ cosϕ cosϑ sinϕ − sinϑ
0 − sinϕ cosϕ 0
 , (104)
which is the same as the local Lorentz transformation (73) we introduced in the case of spherical symmetry. One then
obtains the tetrad
θ′0 = n(t)dt , θ′1 = a(t)dr , θ′2 = a(t)rdϑ , θ′3 = a(t)r sinϑdϕ . (105)
In this case one has a non-trivial spin connection. Its non-vanishing components are given by
ω′12ϑ = −ω′21ϑ = −1 , ω′13ϕ = −ω′31ϕ = − sinϑ , ω′23ϕ = −ω′32ϕ = − cosϑ , (106)
which agrees with the spin connection (75). Note that this tetrad and spin connection agree with the tetrad (82)
and (84) as well as the spin connection (83) with
Ct = n(t) , Cr = a(t) , Cs = a(t)r , Cυ = Cψ = Cα = 0 . (107)
Alternatively, one could perform the calculation also in Cartesian coordinates. It then turns out that the obtained
tetrad (103) in the Weitzenböck gauge is simply the diagonal tetrad
θ0 = n(t)dt , θ1 = a(t)dx , θ2 = a(t)dy , θ3 = a(t)dz . (108)
Note that in these coordinates already the Weitzenböck tetrad is diagonal, so that one has both a diagonal tetrad
and a vanishing spin connection.
Also in this case it is useful to calculate a few derived quantities. First note that the determinant of the tetrad is
given by
det θ = n(t)a3(t)r2 sinϑ . (109)
The metric (2) is, as expected, the flat Robertson-Walker metric
gtt = −n2(t) , grr = a2(t) , gϑϑ = a2(t)r2 , gϕϕ = gϑϑ sin2 ϑ . (110)
Finally, the non-vanishing components of the teleparallel affine connection (3) read
Γttt =
n′(t)
n(t)
, Γrrt = Γ
ϑ
ϑt = Γ
ϕ
ϕt =
a′(t)
a(t)
, Γrϑϑ = −r , Γrϕϕ = −r sin2 ϑ ,
Γϑrϑ = Γ
ϑ
ϑr = Γ
ϕ
rϕ = Γ
ϕ
ϕr =
1
r
, Γϑϕϕ = − cosϑ sinϑ , Γϕϑϕ = Γϕϕϑ = 1
tanϑ
. (111)
As we also remarked in the case of spherical symmetry in section IVB, one still has the freedom to choose a different
time coordinate by a coordinate transformation t 7→ t˜, since the corresponding diffeomorphisms commute with the
cosmological symmetry. This leaves the form of the tetrad (104) invariant, but the parameter functions transform
according to
n˜(t˜) = n(t)
∂t
∂t˜
, a˜(t˜) = a(t) , (112)
where t is now seen as a function of t˜. One can thus always achieve a constant lapse function n˜(t˜) = 1, so that the
Robertson-Walker metric (110) takes its standard form.
3. SO(4): positively curved space k = 1
The next case of a cosmological symmetry we study is that of positive spatial curvature k = 1. To understand
the geometry of this spacetime, it is helpful to embed the spatial hypersurfaces with constant time t into R4 with
coordinates
q1 = r sinϑ cosϕ , q2 = r sinϑ sinϕ , q3 = r cosϑ , q4 =
√
1− r2 . (113)
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Note that the spherical coordinates (t, r, ϑ, ϕ) cover only the positive half space q4 > 0. In the following we will consider
the full space with coordinates (t, qA), where A = 1, . . . , 4 and qAqBδAB = 1 with δAB = diag(1, 1, 1, 1), which is thus
diffeomorphic to R×S3. The group of spacetime symmetries can then be understood as linear transformations of the
spatial coordinates qA that leave the Euclidean metric δAB invariant. Hence, they can be parametrized by elements
U ∈ SO(4) acting on the spatial coordinates as q′A = UABqB.
To construct a homomorphism Λ : SO(4) → SO(1, 3) it is helpful to examine the group structure of SO(4) and
the geometry of S3. Recall that S3 is diffeomorphic to the Lie group SU(2), where we can use the coordinates qA to
express
Q = iqkσk + q
4
12 =
(
q4 + iq3 q2 + iq1
−q2 + iq1 q4 − iq3
)
∈ SU(2) , (114)
where σk are the Pauli matrices and k = 1, . . . , 3. A rotation U ∈ SO(4) can be decomposed into a pair (uL, uR) with
uL, uR ∈ SU(2), where the action on S3 takes the form
q′A = UABq
B ⇔ Q′ = uLQu−1R . (115)
This decomposition is unique up to a sign, (uL, uR) 7→ (−uL,−uR). Hence, the group SU(2)×SU(2) is a double cover
of SO(4). The elements of the two factors are called the left and right isoclinic rotations. We then use the fact that
SU(2) is a double cover of SO(3), i.e., there exists a homomorphism •˜ : SU(2)→ SO(3), u 7→ u˜. This homomorphism
allows us to construct two different homomorphisms Λ± : SO(4)→ SO(1, 3) given by
Λ
+(uL, uR) =
(
1 0
0 u˜L
)
and Λ−(uL, uR) =
(
1 0
0 u˜R
)
. (116)
These are well-defined, since u˜ = −˜u, so that the result does not depend on the choice of the pair (uL, uR) or
(−uL,−uR) to represent U ∈ SO(4). We also remark that pure rotations as discussed in section IVB, which correspond
to those U ∈ SO(4) that leave q4 fixed, are represented by uL = uR, so that both homomorphisms Λ± restrict to the
same homomorphism (62) on pure rotations.
In the next step we study the induced Lie algebra homomorphisms λ± : so(4) → so(1, 3). Also these restrict to
the previously discussed homomorphism given by (50) and (63) for pure rotations, so that we only have to determine
their action on the translation generators (92). One finds that these are given by
λ
±(X1) = ±
0 0 0 00 0 0 00 0 0 1
0 0 −1 0
 , λ±(X2) = ±
0 0 0 00 0 0 −10 0 0 0
0 1 0 0
 , λ±(X3) = ±
0 0 0 00 0 1 00 −1 0 0
0 0 0 0
 . (117)
This also shows that the generators of the purely left and right isoclinic rotations given by the combinations Xx±X1,
Xy ±X2 and Xz ±X3 are mapped to the zero element 04 if one applies the homomorphism λ∓ corresponding to the
other subgroup.
Using the homomorphisms λ± we can now solve the symmetry condition (46) and determine the symmetric tetrads.
Again we start from the spherically symmetric tetrad (68) discussed in section IVB and impose symmetry under the
translation generators (92). In this case we find that the parameter functions must be of the form
C1 = n(t) , C4 =
a(t)
χ
, C5 = rχa(t) , C6 = ∓r2a(t) , C2 = C3 = 0 . (118)
where we introduced the abbreviation χ =
√
1− r2. This yields the two tetrads
θ0± = n(t)dt , (119a)
θ1± = a(t)
[
sinϑ cosϕ
χ
dr + r(χ cos θ cosϕ± r sinϕ)dϑ− r sinϑ(χ sinϕ∓ r cosϑ cosϕ)dϕ
]
, (119b)
θ2± = a(t)
[
sinϑ sinϕ
χ
dr + r(χ cos θ sinϕ∓ r cosϕ)dϑ+ r sinϑ(χ cosϕ± r cosϑ sinϕ)dϕ
]
, (119c)
θ3± = a(t)
[
cosϑ
χ
dr − rχ sinϑdϑ∓ r2 sin2 ϑdϕ
]
, (119d)
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The two solutions we obtained have a simple geometric interpretation. Passing to the inverse tetrads, the vector
fields e±1 , e
±
2 , e
±
3 on the spatial hypersurfaces simply correspond to the left or right invariant vector fields on SU(2),
respectively.
As in the previous case there exists a local Lorentz transformation which allows us to transform the result into a
diagonal tetrad. In this case this transformation is given by the matrix
Λa±b =
1 0 0 00 sinϑ cosϕ sinϑ sinϕ cosϑ0 χ cosϑ cosϕ± r sinϕ χ cosϑ sinϕ∓ r cosϕ −χ sinϑ
0 ±r cosϑ cosϕ− χ sinϕ χ cosϕ± r cosϑ sinϕ ∓r sinϑ
 , (120)
which we can also write as a product Λa±b = Λ˜
a
±cΛ
c
b, where Λ
a
b is the previously used local Lorentz transforma-
tion (104) and Λ˜a±b is given by
Λ˜a±b =
1 0 0 00 1 0 00 0 χ ∓r
0 0 ±r χ
 . (121)
Applying this transformation leads to the diagonal tetrad
θ′0± = n(t)dt , θ
′1
± =
a(t)
χ
dr , θ′2± = a(t)rdϑ , θ
′3
± = a(t)r sinϑdϕ , (122)
which is identical for both cases ±. In this case the non-vanishing components of the spin connection distinguish
between the sign choices ±, and are given by
ω′1±2ϑ = −ω′2±1ϑ = −χ , ω′1±2ϕ = −ω′2±1ϕ = ±r sinϑ , ω′1±3ϑ = −ω′3±1ϑ = ∓r ,
ω′1±3ϕ = −ω′3±1ϕ = −χ sinϑ , ω′2±3r = −ω′3±2r = ±
1
χ
, ω′2±3ϕ = −ω′3±2ϕ = − cosϑ . (123)
This tetrad and spin connection agree with the tetrad (82) and (84) as well as the spin connection (83) with
Ct = n(t) , Cr =
a(t)
χ
, Cs = a(t)r , Cυ = Cψ = 0 , Cα = ∓ arcsin r . (124)
As in the previous case, we calculate a few derived quantities. We find that the determinant of the tetrad is given
by
det θ =
n(t)a3(t)r2 sinϑ
χ
. (125)
The metric (2) is again of the Robertson-Walker form
gtt = −n2(t) , grr = a
2(t)
χ2
, gϑϑ = a
2(t)r2 , gϕϕ = gϑϑ sin
2 ϑ , (126)
and is identical for both sign choices ± in the tetrad. Finally, the non-vanishing components of the teleparallel
connection (3) read
Γttt =
n′(t)
n(t)
, Γrrt = Γ
ϑ
ϑt = Γ
ϕ
ϕt =
a′(t)
a(t)
, Γϑrϑ = Γ
ϑ
ϑr =
1
r
, Γrϕϕ = −rχ2 sin2 ϑ ,
Γrrr =
r
χ2
, Γrϑϕ = −Γrϕϑ = ±r2χ sinϑ , Γϑϕr = −Γϑrϕ = ± sinϑ
χ
, Γϕrϑ = −Γϕϑr = ± 1
χ sinϑ
,
Γrϕϕ = −rχ2 sin2 ϑ , Γϑϕϕ = − cosϑ sinϑ , Γϕϑϕ = Γϕϕϑ = 1
tanϑ
Γϕrϕ = Γ
ϕ
ϕr =
1
r
. (127)
Here we obtain different signs, which shows that the tetrads we found are indeed inequivalent in the sense that they
correspond to different affine connections. Note that also here we may eliminate the lapse function n(t) by applying
the coordinate transformation (112).
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4. SO(1, 3): negatively curved space k = −1
We finally come to the case k = −1 of negative spatial curvature. We can proceed similarly to the previously
discussed case k = 1 of positive spatial curvature, and start by embedding the spatial hypersurfaces into R4 with
coordinates
q0 =
√
1 + r2 , q1 = r sinϑ cosϕ , q2 = r sinϑ sinϕ , q3 = r cosϑ . (128)
The spatial hypersurfaces are then given by the hyperbolic spaces ηABq
AqB = −(q0)2 + δklqkql = −1 with q0 > 0,
where A = 0, . . . , 3 and k, l = 1, . . . , 3, so that we use coordinates (t, qA) for the embedding of the whole spacetime
manifold. The group of spacetime symmetries is then given by the linear transformations of the spatial coordinates
qA that leave the Minkowski metric ηAB = diag(−1, 1, 1, 1) invariant. They can thus be parametrized by elements
U ∈ SO(1, 3) acting on the spatial coordinates as q′A = UABqB. Since in this case the symmetry group is identical
to the Lorentz group, the most natural choice of the homomorphism Λ : SO(1, 3) → SO(1, 3) is simply the identity
Λ
+ : U 7→ U . Another possible choice is the map Λ− : U 7→ TUT, where T = diag(−1, 1, 1, 1) is the time flip
operation. Note that for pure rotations, that leave q0 invariant, both Λ± restrict to the homomorphism (62). For the
derived Lie algebra homomorphisms λ± : so(1, 3)→ so(1, 3) we thus find, in addition to (50) and (63), the relations
λ
±(X1) = ±
0 1 0 01 0 0 00 0 0 0
0 0 0 0
 , λ±(X2) = ±
0 0 1 00 0 0 01 0 0 0
0 0 0 0
 , λ±(X3) = ±
0 0 0 10 0 0 00 0 0 0
1 0 0 0
 . (129)
We then use this homomorphisms λ± to solve the symmetry condition (46) in the Weitzenböck gauge. Starting
from the spherically symmetric tetrad (68) and imposing symmetry under the translation generators (92) yields the
conditions
C1 = ±χn(t) , C2 = ± r
χ
a(t) , C3 = rn(t) , C4 = a(t) , C5 = r , C6 = 0 , (130)
where we now used χ =
√
1 + r2. This yields the tetrad
θ0± = ±n(t)χdt+±a(t)
r
χ
dr , (131a)
θ1± = a(t)
[
sinϑ cosϕ
(
dr +
n(t)
a(t)
rdt
)
+ r cosϑ cosϕdϑ− r sinϑ sinϕdϕ
]
, (131b)
θ2± = a(t)
[
sinϑ sinϕ
(
dr +
n(t)
a(t)
rdt
)
+ r cosϑ sinϕdϑ+ r sinϑ cosϕdϕ
]
, (131c)
θ3± = a(t)
[
cosϑ
(
dr +
n(t)
a(t)
rdt
)
− r sinϑdϑ
]
, (131d)
Note that both tetrads differ only by a (not time orientation preserving) global Lorentz transformation θa− = T
a
bθ
b
+.
This is due to the fact that Λ+ and Λ− differ only by conjugation by T, as discussed in section III C. We can transform
our result to a diagonal tetrad by applying the local Lorentz transformation defined by
Λa±b =
±χ r sinϑ cosϕ r sinϑ sinϕ r cosϑ±r χ sinϑ cosϕ χ sinϑ sinϕ χ cosϑ0 cosϑ cosϕ cosϑ sinϕ − sinϑ
0 − sinϕ cosϕ 0
 . (132)
which we can similarly to the case k = 1 write as a product Λa±b = Λ˜
a
±cΛ
c
b, where Λ
a
b is the previously used local
Lorentz transformation (104) and Λ˜a±b is now given by
Λ˜a±b =
±χ r 0 0±r χ 0 00 0 1 0
0 0 0 1
 . (133)
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Note that in contrast to the cases (104) and (120) this Lorentz transformation is not a pure rotation, but also involves
a boost. This yields in both cases the same diagonal tetrad
θ′0± = n(t)dt , θ
′1
± =
a(t)
χ
dr , θ′2± = a(t)rdϑ , θ
′3
± = a(t)r sinϑdϕ , (134)
together with a non-trivial spin connection, whose non-vanishing components take the form
ω′0±1r = ω
′1
±0r =
1
χ
, ω′0±2ϑ = ω
′2
±0ϑ = r , ω
′0
±3ϕ = ω
′3
±0ϕ = r sinϑ ,
ω′1±2ϑ = −ω′2±1ϑ = −χ , ω′1±3ϕ = −ω′3±1ϕ = −χ sinϑ , ω′2±3ϕ = −ω′3±2ϕ = − cosϑ . (135)
This spin connection was also found in [22]. We find that ω+ = ω−, since the spin connection remains unchanged
under global Lorentz transformations. Further, we see that the tetrad (132) and spin connection (135) agree with the
tetrad (82) and (84) as well as the spin connection (83) with
Ct = n(t) , Cr =
a(t)
χ
, Cs = a(t)r , Cυ = Cψ = arcsinh r , Cα = 0 . (136)
Once again we show explicitly a few derived quantities. We find that also in this case the determinant of the tetrad
is given by
det θ =
n(t)a3(t)r2 sinϑ
χ
, (137)
which looks similar to the result in the previous section, but we keep in mind that here χ =
√
1 + r2. The metric (2)
also takes the Robertson-Walker form
gtt = −n2(t) , grr = a
2(t)
χ2
, gϑϑ = a
2(t)r2 , gϕϕ = gϑϑ sin
2 ϑ . (138)
Finally, the non-vanishing components of the teleparallel connection (3) read
Γttt =
n′(t)
n(t)
, Γrrt = Γ
ϑ
ϑt = Γ
ϕ
ϕt =
a′(t)
a(t)
, Γrϑϑ = −rχ2 , Γrϕϕ = −rχ2 sin2 ϑ ,
Γrtr = Γ
ϑ
tϑ = Γ
ϕ
tϕ =
n(t)
a(t)
, Γtrr =
a(t)
n(t)χ2
, Γtϑϑ =
a(t)r2
n(t)
, Γtϕϕ =
a(t)r2 sin2 ϑ
n(t)
,
Γrrr = − r
χ2
, Γϑrϑ = Γ
ϑ
ϑr = Γ
ϕ
rϕ = Γ
ϕ
ϕr =
1
r
, Γϑϕϕ = − cosϑ sinϑ , Γϕϑϕ = Γϕϕϑ = 1
tanϑ
.
(139)
In this case we obtain the same result for both sign choices ± in the tetrad, which agrees with the fact that these two
tetrads are related by a global Lorentz transformation. Once again we remark that also here we may eliminate the
lapse function n(t) by applying the coordinate transformation (112).
5. Complex tetrad for k = −1
In a recent article, a complex tetrad was presented for the case of cosmological symmetry with negative spatial
curvature k = −1 [43]. We now show that by extending the formalism we present in this article to allow also complex
tetrads and spin connections, one may obtain obtain also this tetrad, as well as another tetrad which differs by a
sign. This construction starts with a homomorphism Λ : SO(1, 3) → SO(1, 3,C) ∼= SO(4,C), which can be obtained
as follows. Let U ∈ SO(1, 3), so that ηABUACUBD = ηCD, and construct the complex matrices
(Uˆ±)kl =
1
2
ǫkmnǫlpqUm
pUn
q ± iǫlmnU0mUkn ∈ GL(3,C) . (140)
Here we used capital Latin indices A,B, . . . = 0, . . . , 3 and small Latin letters from the middle of the alphabet
k, l, . . . = 1, . . . , 3 as for the real homomorphism discussed in section IVC4. One finds that Uˆ± ∈ SO(3,C). In
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particular, if U ∈ SO(3) is a pure rotation and has no boost components, one has Uˆ = U . Finally, we define the group
homomorphisms
Λ
± : SO(1, 3)→ SO(1, 3,C), U 7→
(
1 0
0 Uˆ±
)
(141)
For pure rotations this restricts to (62). It thus follows that the induced Lie algebra homomorphisms λ± extend the
relations (50) and (63) by
λ
±(X1) = ±
0 0 0 00 0 0 00 0 0 i
0 0 −i 0
 , λ±(X2) = ±
0 0 0 00 0 0 −i0 0 0 0
0 i 0 0
 , λ±(X3) = ±
0 0 0 00 0 i 00 −i 0 0
0 0 0 0
 . (142)
This finally allows us to solve the symmetry condition (46) in the Weitzenböck gauge. Symmetry under the translation
generators (92) imposes the conditions
C1 = n(t) , C4 =
a(t)
χ
, C5 = rχa(t) , C6 = ∓ir2a(t) , C2 = C3 = 0 . (143)
on the parameter functions appearing in the spherically symmetric tetrad (68). The sign in C6 corresponds to the
choice of the Lie group homomorphism. Also note that C6 now becomes imaginary. The tetrad then reads
θ0± = n(t)dt , (144a)
θ1± = a(t)
[
sinϑ cosϕ
χ
dr + r(χ cos θ cosϕ± ir sinϕ)dϑ − r sinϑ(χ sinϕ∓ ir cosϑ cosϕ)dϕ
]
, (144b)
θ2± = a(t)
[
sinϑ sinϕ
χ
dr + r(χ cos θ sinϕ∓ ir cosϕ)dϑ+ r sinϑ(χ cosϕ± ir cosϑ sinϕ)dϕ
]
, (144c)
θ3± = a(t)
[
cosϑ
χ
dr − rχ sinϑdϑ∓ ir2 sin2 ϑdϕ
]
. (144d)
In order to obtain a diagonal tetrad, one applies the (now also complex) local Lorentz transformation
Λab =
1 0 0 00 sinϑ cosϕ sinϑ sinϕ cosϑ0 χ cosϑ cosϕ± ir sinϕ χ cosϑ sinϕ∓ ir cosϕ −χ sinϑ
0 ±ir cosϑ cosϕ− χ sinϕ χ cosϕ± ir cosϑ sinϕ ∓ir sinϑ
 , (145)
which again can be written as a product Λa±b = Λ˜
a
±cΛ
c
b, where Λ
a
b is the local Lorentz transformation (104) and Λ˜
a
±b
in this case takes the form
Λ˜a±b =
1 0 0 00 1 0 00 0 χ ∓ir
0 0 ±ir χ
 . (146)
This yields the same tetrad (134) as for the previously described real solution. However, one now finds a complex
spin connection
ω′1±2ϑ = −ω′2±1ϑ = −χ , ω′1±2ϕ = −ω′2±1ϕ = ±ir sinϑ , ω′1±3ϑ = −ω′3±1ϑ = ∓ir ,
ω′1±3ϕ = −ω′3±1ϕ = −χ sinϑ , ω′2±3r = −ω′3±2r = ±
i
χ
, ω′2±3ϕ = −ω′3±2ϕ = − cosϑ , (147)
which obviously differs from the (real) spin connection (135). This result agrees with the tetrad (82) and (84) as well
as the spin connection (83) with
Ct = n(t) , Cr =
a(t)
χ
, Cs = a(t)r , Cυ = Cψ = 0 , Cα = ∓i arcsinhr . (148)
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In this case we find the same determinant (137) of the tetrad and the same Robertson-Walker metric (138). However,
we obtain a complex affine connection
Γttt =
n′(t)
n(t)
, Γrrt = Γ
ϑ
ϑt = Γ
ϕ
ϕt =
a′(t)
a(t)
, Γϑrϑ = Γ
ϑ
ϑr = Γ
ϕ
rϕ = Γ
ϕ
ϕr =
1
r
, Γrϕϕ = −rχ2 sin2 ϑ ,
Γrrr =
r
χ2
, Γrϑϕ = −Γrϕϑ = ±ir2χ sinϑ , Γϑϕr = −Γϑrϕ = ± i sinϑ
χ
, Γϕrϑ = −Γϕϑr = ± i
χ sinϑ
,
Γrϑϑ = −rχ2 , Γϑϕϕ = − cosϑ sinϑ , Γϕϑϕ = Γϕϕϑ = 1
tanϑ
, (149)
which obviously differs from the real connection (139), and is more reminiscent of the connection (127) for the case
k = 1, except for the appearance of the imaginary unit in those terms whose sign differs between the different
tetrads. As in the previously discussed cases, we may eliminate the lapse function n(t) by applying the coordinate
transformation (112).
D. ISO(1, 3), SO(1, 4), SO(2, 3): maximally symmetric spacetimes
We finally come to the case of maximally symmetric spacetimes. These can easily be obtained by enhancing the
cosmological symmetry shown in the previous section. This will be shown in section IVD1, where we display the
symmetry generating vector fields we use here. The remainder of this section is split in two parts. In section IVD2
we show how to derive a symmetric tetrad for Minkowski spacetime, while in section IVD3 we prove that no such
tetrad exists for (anti-)de Sitter spacetime.
1. Symmetry generating vector fields
One possibility to obtain the symmetry generators for maximally symmetric spacetimes is to make use of the
previously introduced generators (48), (61) and (92). This can be achieved by choosing the additional vector fields
X0 = χ∂t − krχTk(t)∂r , (150a)
XX = r sinϑ cosϕ∂t + χ
2 sinϑ cosϕTk(t)∂r +
cosϑ cosϕTk(t)
r
∂ϑ − sinϕTk(t)
r sinϑ
∂ϕ , (150b)
XY = r sinϑ sinϕ∂t + χ
2 sinϑ sinϕTk(t)∂r +
cosϑ sinϕTk(t)
r
∂ϑ +
sinϕTk(t)
r cosϑ
∂ϕ , (150c)
XZ = r cosϑ∂t + χ
2 cosϑTk(t)∂r − sinϑTk(t)
r
∂ϑ . (150d)
where χ =
√
1− kr2 as before and we introduced the shorthand notation
Tk(t) =

tanh t for k = 1 ,
t for k = 0 ,
tan t for k = −1 .
(151)
The further treatment depends on the particular choice of k, and hence of the symmetry group of the maximally
symmetric spacetime. We will therefore discuss the cases k = 0 and k 6= 0 separately.
2. Minkowski spacetime
The most simple case is given by Minkowski spacetime k = 0, whose symmetry group is ISO(1, 3). This is a
straightforward extension to the case of spatially flat cosmological symmetry with group ISO(3) as discussed in
section IVC2, so that we can proceed in full analogy. We parametrize the elements of ISO(1, 3) by v ∈ R4 and
U ∈ SO(1, 3), so that the action in Cartesian coordinates takes the formt
′
x′
y′
z′
 = U ·
txy
z
+ v . (152)
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We then proceed by choosing a homomorphism Λ : ISO(1, 3) → SO(1, 3). In this case we can simply enhance the
homomorphism (100) to
Λ : ISO(1, 3)→ SO(1, 3), (v, U) 7→ U . (153)
Note that if U is a pure rotation (no boosts involved) and v0 = 0 this reduces to the case discussed in section IVC2.
We can therefore make use of the tetrad (103) and impose in addition symmetry under the generators (150) with
k = 0. This yields the solution that a(t) = n(t) = c with an arbitrary constant c. Also in this case one can apply
the Lorentz transformation (104) in order to obtain the diagonal tetrad (105), together with the non-vanishing spin
connection (106).
3. Anti-de Sitter and de Sitter spacetimes
We finally come to the cases of anti-de Sitter and de Sitter spacetimes, whose symmetry groups are SO(2, 3)
and SO(1, 4), respectively. These cases are fundamentally different from the previously discussed case of Minkowski
spacetime. This can be seen in different ways, as we will show in the remainder of this section, in which we prove the
following statement:
Statement 5. There are no teleparallel geometries which are symmetric with respect to the generating vector
fields (48), (61), (92) and (150) of maximal symmetry with k = ±1.
First note that there exists no non-trivial group homomorphism Λ : G → SO(1, 3), where G is one of the two
aforementioned groups. This can most easily be seen at the level of the corresponding Lie algebra homomorphism
λ : g → so(1, 3). Since dim g = 10 > 6 = dim so(1, 3), such a homomorphism must necessarily have a non-trivial
kernel kerλ ⊂ g. Recall that the kernel of a Lie algebra homomorphism is an ideal of the Lie algebra. However, since
g is a real form of the simple Lie algebra so(5,C), its only ideals are {0} and g itself. Hence, kerλ = g, and so λ is the
trivial homomorphism. Inserting this homomorphism into the symmetry condition (46) one finds that the resulting
system of equations has no solution.
Another possibility to show that there exist no symmetric tetrads in the sense of our definition is by going back
to the derivation of the symmetry condition in section III. Recall that we required both the metric (2) and the
affine connection (3) to be invariant under the action of the symmetry group on the spacetime manifold. Solving the
condition (38) for the generating vector fields (48), (61), (92) and (150) shows that the only solution is the Levi-Civita
connection of the maximally symmetric metric
g = −dt⊗ dt+ C2k(t)
[
dr ⊗ dr
1− kr2 + r
2
(
dϑ⊗ dϑ+ sin2 ϑdϕ⊗ dϕ)] , (154)
where we used the abbreviation
Ck(t) =

cosh t for k = 1 ,
1 for k = 0 ,
cos t for k = −1 .
(155)
However, for k 6= 0 this connection has a non-vanishing curvature, and so it cannot be of the form (3) with a flat spin
connection ω. Hence, no symmetric teleparallel geometry exists.
We conclude this section with the remark that of course there exist tetrads which correspond to the maximally
symmetric metric (154) for the de Sitter or anti-de Sitter cases and which appear as solutions to teleparallel gravity
theories, even though the corresponding teleparallel connections (3) do not satisfy the symmetry condition (40) for
all generators of maximal symmetry. However, these depend on the choice of the particular gravity theory, and a
detailed analysis would exceed the scope of this article.
V. CONCLUSION
In this article we have discussed the invariance of teleparallel geometries, which are described in terms of a tetrad
and a flat Lorentz spin connection, under the action of a group on the underlying spacetime. To do so we interpreted
the teleparallel geometry as an orthogonal Cartan geometry and applied the known symmetry concepts from there.
Demanding that the connection is teleparallel, i.e. flat, it turned out that this notion of symmetry implies the
invariance of the metric as function of the tetrads, the torsion and their covariant derivatives, and hence the field
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equations of any teleparallel gravity theory built from these quantities, under the group action. We then derived
the most general symmetric teleparallel spacetimes for a number of symmetry groups corresponding to the following
symmetries:
1. axial symmetry in Weitzenböck gauge (52) and non-Weitzenböck gauge (53),
2. spherical symmetry in Weitzenböck gauge (68) and non-Weitzenböck gauge (82) or (84) with spin connec-
tion (83),
3. homogeneous and isotropic cosmological symmetry with spatial curvature parameters
(a) k = 0: in Weitzenböck gauge, in spherical (103) and Cartesian coordinates (108), and as diagonal tetrad
(105) with non-trivial spin connection (106)
(b) k = 1: in Weitzenböck gauge (119) and as diagonal tetrad (122) with non-trivial spin connection (123)
(c) k = −1 real: in Weitzenböck gauge (131) and as diagonal tetrad (134) with non-trivial spin connection
(135)
(d) k = −1 complex: in Weitzenböck gauge (144) and as diagonal tetrad (134) with non-trivial spin connec-
tion (147).
We also displayed the metrics and teleparallel affine connections which are derived from these tetrads and spin
connections. Moreover, we briefly discussed how the field equations generically simplify in symmetric situations.
We found that if a teleparallel geometry possesses cosmological symmetry, then it identically solves the antisymmet-
ric part of the field equations of any teleparallel gravity theory. Further, it turned out that for de Sitter and anti-de
Sitter spacetimes no symmetric teleparallel geometries exist, since there are no flat affine connections obeying this
symmetry. This means that even though one can find tetrads for the maximally symmetric (anti-)de Sitter metric,
which may also solve the field equations of particular teleparallel gravity theories, the connection and torsion tensor
do not obey the full symmetry group.
The tetrads and spin connections we presented in this article, some of which have previously been obtained at-
tempting to solve (the antisymmetric part of) the field equations of particular teleparallel gravity theories, provide a
possible starting point to solve the field equations of any generic teleparallel gravity theory. Our approach has the
advantage that it is universal and fully independent of the choice of any particular theory, and it may also be applied
to other symmetry groups which are not discussed in this article, such as that of plane waves.
Our results raise a number of interesting questions for future investigation. One such question comes from our
finding that for a given symmetry there may in general be different branches of solutions for the tetrad and spin
connection, which lead to the same metric, but have different torsion. One would therefore expect that these different
solutions can be distinguished only if there is a coupling of matter to torsion, which is not the case for non-spinning test
particles. This becomes even more interesting in theories in which the dynamics of the metrics depends on the torsion,
and thus differs between these branches, as it is the case for the real and complex tetrad of k = −1 cosmology [22, 43],
which may hint towards additional degrees of freedom besides the usual metric ones [44–50]. Further studies are
needed in order to understand the physical consequences of these issues.
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